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The Lorentz symmetry breaking arises within the string context In the bosonic 
string theory the spontaneous Lorentz symmetry breaking can naturally emerge due to 
the instability of the naive perturbative vacuum because of the presence of the tachyon, 
implying that, for the correct vacuum, the vector field acquires the nontrivial vacuum ex- 
pectation value introducing thus the privileged direction of the spacetime. As a result, the 
corresponding field theory would include the unavoidable Lorentz symmetry breaking inde- 
pendently of the energy scale. The similar situation can also take place in the superstrings 
where the role of the tachyon can be played by a dilaton [1]. Therefore, it is natural to 
suggest that the Lorentz symmetry breaking is a fundamental consequence of instability of 
the vacuum rather than the low-energy reduction of some fundamental Lorentz invariant 
theory. Moreover, following the concept of the noncommutative space-time j^f , it is natural 
to suggest that the fundamental theory itself must be noncommutative and therefore will 
not possess the Lorentz invariance. All this calls the attention to the Lorentz-breaking 
field theory models. 

The searching for the possible Lorentz-breaking extensions of the standard model is 
one of the most interesting lines of study in the modern high energy physics. Within 
the usual approach, the Lorentz-breaking modifications are introduced as additive terms 
proportional to a small constant tensor introducing a privileged frame in the spacetime 
and thus breaking the Lorentz symmetry. A great list of the Lorentz-breaking extensions 
of field theory models is presented in PJ. The first term studied in this context is the 



CPT-odd Carroll-Field- Jackiw (CFJ) term 



41, and many issues related to it have been 
discussed b a number of papers U. Another Lsive ly 8tudl e d Lo^eaking term is 
the CPT-even aether term whose perturbative generation was discussed in jg, 7], and some 
its properties at the tree level were considered in js]. 

From the other side, it is well known that the effective action can be represented in 
the form of the derivative expansion, see f.e. s), [loj]. In a general case, this expansion 
includes an infinite number of terms involving all possible numbers of derivatives, with 
the only restrictions on their structure are imposed by the gauge invariance. In the usual, 
Lorentz-invariant case, some higher-derivative contributions to the fermion determinant 
have been explicitly obtained in 9]. Therefore, in the Lorentz-breaking extensions of the 
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QED, the explicit calculation of the higher-derivative contributions to the one-loop effective 
action (that is, to the fermion determinant) is a very interesting problem. We note that, 
due to growing the number of possible structures with increasing the order in derivatives, 
the complete explicit calculation of the one-loop effective action of the gauge field seems 
to be impossible, thus, the only way to study it consists in computing the derivative 
dependent contributions order by order. In this paper, we are going to calculate the third- 
order contribution. Originally, the presence of higher derivatives was known to allow for 
essential improvement of the ultraviolet behaviour of the field theories, which plays the 
key role in gravity studies. Within the context of the Lorentz symmetry breaking, the first 
known higher- derivative term is the gravitational Chern-Simons term [ll] which, being 
expressed in terms of the metric fluctuation, involves three derivatives. Its perturbative 
generation has been performed in |12j. Therefore, it is very interesting to obtain and 
discuss higher- derivative terms for other theories, especially, for some Lorentz-violating 
extensions of QED, which are expected to emerge naturally in the low-energy limit of the 
fundamental theories, see discussions in [3]. 

An important example of such a term for the vector field, called the Myers-Pospelov 
term, involving three derivatives, just as the gravitational Chern-Simons term, has been 
proposed in [14[] within the phenomenological context where some estimations for the cor- 
responding couplings were done. One of the most interesting properties clearly calling 
attention to this term is the fact that it generates the rotation of the polarization plane 
of light. The problem of causality and stability with regard to these higher- derivative 
terms have been discussed in [l5|], the possible extension of the standard model by the 
three-derivative gauge terms, whose example is this term, has been discussed in [16], spe- 
cial properties of the classical solutions in theories with such terms have been discussed in 
171 ]. and a first example of the perturbative generation based on the use of the constant 



third-rank tensor has been proposed in 



18|- 



In this paper, we propose a scheme allowing for a more simple way to generate the three- 
derivative Lorentz-breaking terms, in particular, the Myers-Pospelov term. This scheme is 
based on the use of the constant vector instead of the constant third-rank tensor, in which 
we will see that the Myers-Pospelov term is always accompanied by a higher-derivative 
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CFJ term. 

We start with the following model which represents the spinor electrodynamics with 
two Lorentz-breaking couplings, that is, minimal one, proportional to e, and the nonimin- 
imal one, proportional to g (one should notice that these couplings have different mass 
dimensions) : 

C = $[i$- Y(eA, + ge^xpF^bf) - m - 75^] V - . (f ) 

Within this model, the b p is a constant vector implementing the Lorentz symmetry break- 
ing, and F^ u = d^A v — d u A^ is the usual stress tensor corresponding to the gauge field A^. 
The reason for choosing of this model is as follows. This model is a nonminimal extension 
of the well-known minimal Lorentz-breaking spinor QED characterized by the additional 
term 'ipjsfnp used in 0, ||| to study the simplest impacts of the Lorentz breaking in gauge 
theories. The new term gijje f j iU \ p F uX b p ip is CPT-odd as well as ^^fyip, therefore, the the- 
ory (JTJ) can be called the nonminimal CPT-odd Lorentz-breaking QED. We note that the 
possible impact from the higher-rank CPT-odd constant tensor will not essentially differ 
from the results of this model, see discussion in 0, [l9], therefore we restrict our discussion 
by the case of the inclusion of the constant vector. Since both terms have been used for 
the perturbative induction of the CFJ term (minimal jjj] and nonminimal the above 
model (0Q) is therefore the more general one for studies of the perturbative generation of 
the higher-derivative gauge terms. 

Besides of this, the possible extension of this model with higher-derivative terms in the 
fermionic sector like ^75^(6 ■ d) 2 ip and terms with more numbers of derivatives will imply 
in arising the divergent contributions which must be removed through the renormalization, 
whereas just the action ([1]) is the only one which can yield finite contributions in the gauge 
sector, therefore we restrict our consideration to this action. However, we note that even 
in the case of this extension, both the Myers- Pospelov term and the higher-derivative CFJ 
term emerge. We will present these results elsewhere. 

Note that in j(| the simplified version of this model involving only the nonminimal 
interaction was used for studies of the perturbative induction of the CPT-even aether 
term, and in [7| its complete version was used for the same purpose. 
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The one-loop effective action of the gauge field A^, denoted as S e g [b, A], can be expressed 
in the form of the following functional trace: 

S eS [b, A] = -i Tr ln(|* - -m- 7s p), (2) 

where 

= eA^ + ge^xpF vX V. (3) 

This effective action can be expanded in the following power series, 

1 



S' eS [b,A] = iTr^ 



n 

n=l 



m - 7 5 j5 



(4) 



Within our studies, we are interested only in the contributions of the second order in A^ 
(further we will keep into account, among these contributions, only the terms of the third 
order in The relevant expression is given by 

S® [b, A] = '-Tr- ^A, >fA v , (5) 

2 f-m-^p p-m->y 5 p 



or, in other words, 



S2?M] = 5 J d 4 xU^A,A u , (6) 

Hf = tr f - n » — 1 ?f. (7) 

J (27r) 4 fi — m — 7 5 p f — iql — m — 75 p 

Using the above equations, one can find that the contribution to the one-loop effective 
action of the third order in b^ is given by three contributions, where the number of insertions 
of the vector 6 M into the propagators is equal to one, two or three. This corresponds to 
two, one or zero "nonminimal" vertices, i.e. those ones of the form g^e^xpj^ F uX b p ip , 
respectively. Let us consider all these situations. 

First, we consider a contribution characterized by two nonminimal vertices. Using the 
above equation (j7]), we must calculate the contribution given by 

+tr J -0-S(p)-fS(p - k^JSip - k)Y, (8) 



where 



with S(p) = (fl — m)~ 1 , where we taken into account that id — > k, after a Fourier transform. 
This expression, superficially divergent, has been calculated in many ways in the context 
of the perturbative generation of the CFJ term. The result obtained is = Ce puXp b x k p , 
where the coefficient C has been shown to be finite and ambiguous, depending essentially 
on the regularization scheme (for more details, see {5]). 

In terms of this coefficient, the corresponding effective action takes the form 



S bl = 2g 2 C J d A x [b a F ap (b ■ d)b^ x F uX + b%e^ x A p DF uX ] . 



(9) 



Here we have obtained the Myers-Pospelov term JjJ and the higher-derivative CFJ term 
(first discussed in ll8[), respectively. Note that the above terms are gauge invariant, as 
required for a consistent theory. 

Within our study, we specify the procedure of calculation by following the prescription 
of moving the 75 matrix to the very end of each expression which involves the trace of 
Dirac matrices. We note that the same result can be obtained by use of the prescription 
proposed by 't Hooft and Veltman j^lj. Thus, we find 



LL bi 



1 



2vr 2 



1 



Am 



: arctan 



V4 



A' 2 



e puXp b x k p . 



(10) 



y/(4m 2 - k 2 )k 2 

We consider this expression in the low-energy limit, that is, we take into account the small 
k leading term. In this case, the U.^ is reduced to 

1 



LL bl 



h 2 f k 4 

;^ uXp b X k p + 0' 
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12-7T 2 m? \rrv 

Since the is contracted with two F a p which already contain space-time derivatives 
of the gauge field A a , we see that this contribution will correspond to the terms of fifth 
order in space-time, hence within this regularization the third-order terms, including the 
Myers-Pospelov term, do not arise from this contribution. 

Now, let us consider another two contributions of third order in 6 M , which essentially 
require consideration of the minimal coupling. First, one has the contribution to the 
effective Lagrangian involving one vertex with minimal coupling, and another vertex with 
nonminimal coupling. Therefore, the contribution we need to calculate from Eq. (J7J), is 
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given by 



C = tr 



d 4 p 
J2k)' 



■S(phJS(phJS(p)rS( P - kh" 



(12) 



+ tr / 0^s(ph^s( P )rs(p - khJs( P - k)Y 

+tr J 0- 4 S(p)rS(p - k)^S(p - khJSip - k)j u . 

The calculation of the above expression is more involved because of the presence of two 75 

result in the naively anticommuting 75 scheme takes the form 



matrices in the trace. The 

Aim 2 



rr 



in 



n 2 (Am 2 — k 2 )k 2 
x(b 2 k 2 -(b-k) 2 )g^ 



1 - 



arctan 



(4m 2 - 2k< 

. = lU I I f U I I — = 

^(4m 2 - k 2 )k 2 \V4m 2 - k 



The low-energy leading contribution of this expression is given by 

i{b ■ k) 2 



67r 2 m 2 
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fj,v 



67r 2 m 2 ' 



m H 



(13) 



(14) 



After disregarding the terms of 0(k 4 /m 4 ), with the subsequent Fourier transform, we 
arrive at 



>62 



eg 



Qn 2 m 2 
which is equivalent to 

eg 



1,2 



J d 4 x [e, uXp F^b"(b ■ d) 2 A» - e, uXp F» x bPb 2 DA»] 



d 4 x [b a F a ,(b ■ d)b^ x F uX + b%e^ x A,nF uX ] , 



(15) 



(16) 



67r 2 m 2 

where we have taken into account that e^ fJ-l/X d,.F 1 , x = 0. Note that in this case both the 

n 

Myers-Pospelov term [14J and the higher-derivative CFJ term arise. 

It remains to consider only the contribution to the effective Lagrangian involving both 
vertices with minimal coupling which requires three insertions of the 75/$ into the propaga- 
tor. Thus, we have 

d 4 p 



W u - tr 
LL b3 ~~ 11 



+tr 



(27T) 4 

d 4 p 



(2*) 



s(phas(phas(ph^s(p)YS( P - k)Y 

S(p)jJS{p)^S{p)rS(p - k) l5 tS{p - k)Y 



+tr 
+tr 



d A p 
d 4 p 



(27T) 4 

The exact form of the integral is 
lm 2 (2m 2 — k 2 



S(p)jJS{p)rS{p - kh^S(p - k) 7 JS{p - k)Y 

s(ph"s( P - k) l5 $s{ P - k) T js( P - khJs(p - k)^ 



(17) 



ii 63 



vr 2 (4m 2 - k 2 ) 2 ^ 



n ,, 2 2 (2m 2 -A; 2 ) )2 
(b ■ k) + - }. r^b 2 



3tt 2 (4m 2 - k 2 f 



+ 



32m 2 (6m 4 + 4m 2 fc 2 - k A ) 
3tt 2 (4m 2 - k 2 f/ 2 {k 2 fl 2 



(b • kf 



16m 



e^ xp b x k p 



(m 



3tH (4m 2 - k^Vk 2 



x arctan 



puXp b x k 



\/4m 2 — k 2 

so that, in the low-energy limit, we arrive at 

"4(6 ■ k) 2 b 2 k 2 



(18) 



11 b3 



457r 2 m 4 97r 2 m 4 
After the Fourier transform, we obtain 
4e 2 



e^ xp b x k p + Oi^ 



(19) 



S, 



63 



457r 2 m 4 



d x 



b a F ap (b ■ d)b p e^ x F uX + -fcV^A^A 



(20) 



This term, being superficially finite, is free of any ambiguities. 

We see that the three-derivative contribution to the self-energy tensor arisen in the 
theory is given by the sum of the expressions ([§]), (TTBT) . and (|2"U|) . Its explicit form is 

4e 2 



S, 



hd 



2g 2 C + 



eg 



+ 2g'C + 



Q7r 2 m 2 

2/t , <<l 



+ 



457r 2 m 4 
e 2 

+ 



d 4 xb a F ap {b-d)b^ uX F u> 



671^771^ 97Hm 4 



(21) 



with the prescription used for obtaining the Eq. (ITTi) corresponds to C = 0. We see that 
this contribution is finite and gauge invariant. Also, we note that for the light-like Lorentz- 
breaking vector 6 M , this contribution is completely described by the Myers- Pospelov term. 
However, we note that from the viewpoint of stability and analyticity of solutions, the 
space-like b p is preferable while the light-like 6 M leads to instabilities 15] . Therefore, it is 
natural to suggest that the higher-derivative CFJ term must arise in a consistent theory. 
This is also consistent with the analysis related to the minimal Lorentz-breaking spinor 
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QED 



221 ]. since the time-like 6 M can produce a certain stability problem, although it is not 



clear whether this problem affects the consistency of the theory. 



20| that 



Now, it is the time to do some numerical estimations. First of all, it follows from 
the typical value of the components of the b 11 is about 10 -32 GeV. Since the dimensionless 
constant C in ( T2TT) is of the order -\, within all calculation schemes e ~ 10 _1 is the usual 
electron charge, and it is natural to suggest that m is the electron mass, m ~ 0.5 x 10~ 3 
GeV, as well as estimating q < to have the effect of the nonminimal interaction to be 
not higher that the effect of the minimal interaction, we see that we can characterize the 
coefficient accompanying the three-derivative term as -^b 3 , which has been parametrized in 



14j by the factor £/Mp, where Mp ~ 10 19 GeV is the Planck mass and £ is a dimensionless 



number. Thus, we can make the estimation £/Mp ~ 10~ 86 GeV -1 , i.e. £ ~ 10~ 67 . Such a 
small value of this number is naturally follows from the smallness of the Lorentz-breaking 
vector 6 M 20J together with the fact that the quantum correction ( 12T|) is of the third order 



in this vector. 

Let us briefly describe the terms with lower number of derivatives which can arise as 
perturbative corrections in the theory ([T]). The analysis carried out in (], ?| shows that 
in the zero order in b^ one can have the gauge-breaking Proca-like term which vanishes 
within an appropriate regularization prescription. In the first order in b^, the CFJ term is 
naturally generated, and in the second order in b 11 , one will have the aether term as it was 
shown in [6|. 

Now, let us discuss our results. We have considered the perturbative generation of the 
three-derivative gauge-invariant term in the extended QED involving both minimal and 
nonminimal couplings. This term turns out to be gauge invariant and UV finite, repro- 
ducing a linear combination of the Myers-Pospelov term, known for the highly nontrivial 
manner of the propagating of solutions admitting for the rotation of plane of polarization 



of light 



14j . and the higher-derivative CFJ term, whose contribution however vanishes for 



the light-like 6 M . The ambiguity of the coefficient C accompanying this term, in a pure 



nonminimal sector ([9]), is identica 



lythe same as that one accompanying the CFJ term in 



the usual Lorentz-breaking QED 23[. This shows that the ABJ anomaly which is known 
to be responsible for the ambiguity of the CFJ term 24j can be naturally promoted to 
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the higher-derivative theories. One must note, however, that this ambiguity disappears if 
we switch off the nonminimal interaction, therefore, it does not arise in the usual QED, 
although the Myers-Pospelov term arises even in this case as we have shown. 
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